Cosmic strings and primordial black holes (PBHs) commonly and naturally form in many scenarios describing the early universe. Here we show that if both cosmic strings and PBHs are present, their interaction leads to a range of interesting consequences. At the time of their formation, the PBHs get attached to the strings and influence their evolution, leading to the formation of blackhole-string networks and commonly to the suppression of loop production in a range of redshifts.
I. INTRODUCTION
Primordial black holes (PBHs) could be formed early in the radiation era and could have played an important role in the evolution of the universe (see Refs. [1, 2] for recent reviews).
They could serve as seeds for supermassive black holes observed at the centers of most galaxies and could account for merging BH binaries currently observed by LIGO. It has also been suggested that PBHs could constitute a substantial part, if not all, of dark matter.
A seemingly unrelated direction of cosmological research is the formation and evolution of topological defects, in particular cosmic strings. Strings are predicted in a wide class of particle physics models and can produce a variety of astrophysical effects (see [3, 4] for a review). Some models predict more complicated defects -monopoles connecting by strings, with N ≥ 2 strings attached to each monopole. In the case of N = 2 the defects are called "necklaces", with monopoles and antimonopoles alternating like beads along the string. A discovery of cosmic strings would open a window into physics of very high energies, and new observational bounds on strings may rule out classes of particle physics models.
In this paper we discuss what happens when both strings and PBHs are present in the universe. We find that they generically form a network where PBHs are connected by strings.
The evolution and observational effects of strings may then be significantly affected by PBHs and vice versa. In particular, observational bounds on the string energy scale are strongly enhanced in some scenarios. Another interesting effect is the increased merger rate for PBHs connected by strings.
II. BLACK HOLE FORMATION AND STRING CAPTURE A. PBH formation
PBHs can be formed by a variety of mechanisms. The most widely discussed scenario is the collapse of primordial overdensities during the radiation era [5, 6] . The initial overdensities could originate from quantum fluctuations in the inflationary epoch. The Jeans mass at time t during the radiation era is M J ∼ t/G, so black holes of mass M form at
with their Schwarzschild radius comparable to the cosmological horizon.
The density fluctuation required for a horizon-size region to collapse to a black hole is δ ≡ δρ/ρ ∼ 1. On the other hand, the rms fluctuation on scales accessible to CMB and large-scale structure observations is δ rms ∼ 10 −5 , and the probability of having δ ∼ 1 on such scales is negligibly small. Hence one has to assume that the fluctuation amplitude is strongly enhanced in the range of scales corresponding to PBH formation. Here we shall assume for simplicity that the fluctuation spectrum has a narrow peak, so that all PBHs form at about large walls form BHs at the horizon scale. PBHs could also be formed by collapse of cosmic string loops [15, 19, 20] , but this requires the loops to be nearly circular and the PBH density produced in this way is not cosmologically interesting.
PBH formation can be enhanced if the universe went through some episodes of reduced pressure. This could happen at cosmological phase transitions or during a period of slow reheating after inflation (see, e.g., [21] and references therein). In this case the Jeans mass may be strongly reduced and the typical black hole size may be significantly smaller than the horizon. This mechanism, however, is likely to operate only in the very early universe In what follows we shall assume that PBHs are formed on the horizon scale. We shall comment on the alternative possibility at the end of the next subsection.
B. String evolution and capture
Cosmic strings are characterized by the energy scale of symmetry breaking, η m p , where m p ∼ 10 19 GeV is the Planck mass. The mass per unit length of string is µ ∼ η 2 and the string tension is T = µ. The strings carry a magnetic flux of a heavy gauge field (which acquires a mass ∼ η due to the symmetry breaking). When two strings cross, they reconnect in such a way that the direction of the magnetic flux is preserved along the strings.
The strength of string gravity is set by the dimensionless parameter Gµ ∼ (η/m p ) 2
1.
The strings are formed at a symmetry breaking phase transition at t s ∼ (Gµ) −1 t p , where t p ∼ 10 −44 s is the Planck time. Note that this is earlier than PBH formation for all astrophysically interesting values of η and M .
Numerical simulations of string evolution indicate that strings evolve in a scale-invariant manner [22] [23] [24] . A Hubble-size volume at any time t contains a few long strings stretching across the volume and a large number of closed loops of length l t. Long strings move at mildly relativistic speeds, v ∼ 0.2, so they typically have a chance to intersect with other strings in a Hubble time. Loops are chopped off the long strings with a typical size l ∼ 0.1t. Much smaller loops are also produced in localized regions where the string velocity approaches the speed of light. The loops oscillate periodically, lose their energy by 1 We do not expect any phase transitions later than the QCD transition at t ∼ 10 −4 s.
gravitational radiation, and gradually shrink and disappear. Long string reconnections and chopping off of loops are both necessary to sustain the scale-invariant nature of evolution.
The lifetime of a loop of initial length l is
where Γ ∼ 50 is a numerical coefficient. Gravitational waves emitted by loops over the cosmic history add up to a stochastic gravitational wave background. Requiring that the predicted amplitude of this background is not in conflict with the millisecond pulsar observations, one can impose an upper bound on the string mass parameter [25] :
Suppose now that PBHs are formed at some time t f t s . To see what effect this will have on strings, consider an overdense region with δ ∼ 1 which is destined to become a BH. While this region is bigger than the horizon, its evolution is unremarkable: both the background radiation density and the strings evolve just as they would in a region of a somewhat denser homogeneous universe. When the region comes within the horizon at t ∼ t f , it finds itself surrounded by a domain of significantly lower density. At that point an apparent horizon forms, encompassing more or less the entire region, so the region's interior becomes a BH.
The size of the region at that time is comparable to the cosmological horizon, so it typically contains ∼ 10 long strings. These strings suddenly find themselves partially engulfed by a BH. Thus, we expect ∼ 10 long strings to be captured in each BH. In other words, there will be ∼ 20 long strings coming out of the BH, with half of them carrying flux in and the other half out of the BH.
Long strings have the shape of random walks of step ∼ t. At t ∼ t f , the probability for a string to encounter a BH at each step along its length is ∼ λ. Hence the average length of string connecting two BHs is l ∼ t f /λ. In fact, there will be very few strings much longer than that (since the probability of not encountering a BH for n λ −1 steps is exponentially suppressed). The average initial separation of BHs connected by a string is ∼ λ −1/2 t f . The evolution of this BH-string network will be discussed in the next section.
We finally comment on the scenarios where BHs have size much smaller than the horizon at formation. Strings will be captured in this case only when the center of a newly formed BH happens to be within a Schwarzschild radius from a string, and it is unlikely for a BH to be attached to more than two strings. If n f is the BH density at formation and M t f /G is their mass, the initial density of BHs attached to the network is then
This is equivalent to the above scenario with the parameter λ replaced by (GM/t f ) 2 λ.
Otherwise, the evolution of the network is similar to that with BHs formed at the horizon scale.
III. EVOLUTION OF BH-STRING NETWORK
A. The minimal scenario
Strings emanating from any given BH typically change their shape and direction on a BHs may lose all their strings in this way. We shall argue, however, that at any time there is a nonzero density of BHs that remain connected to the string network.
At t ∼ t f the BH separation is much larger than the horizon. So the string dynamics is largely unaffected by BHs, except in the rare horizon regions that do contain BHs. Let us first recall that a string network without BHs exhibits a scaling evolution, with ∼ 10 strings of length ∼ t per volume t 3 , so the energy density in long strings is
The total energy of long strings in a large comoving volume decreases as
where a(t) ∝ t 1/2 is the scale factor. The total string length decreases in the same way, with the remaining length going into closed loops.
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At t ∼ t f , all BHs are attached to the string network. At later times, only a fraction
1/2 of the network length still survives. If we assume that the loops are chopped off completely at random and that this process is unaffected by the presence of BHs, then the fraction of BHs that are still attached to the network at time t is also ∼ f (t). We shall refer to this as "the minimal scenario". (In the next subsection we shall argue that the fraction of BHs remaining in the network may actually be significantly larger.)
According to the minimal scenario, the number density of BHs in the network is
and the distance between them is d(t) ∝ t 2/3 . Hence we can write
The average length of string l(t) per BH in the network at time t can be found from
This shows that l(t) does not change with time, l(t) ∼ t f /λ. This length becomes comparable to the horizon at t h ∼ t f /λ, and it follows from Eq. (10) that the BH separation d(t h ) at that time is also ∼ t h . Thus, at t ∼ t h the network consists of BHs separated by distances ∼ t h and connected by more or less straight strings. The subsequent evolution depends on the average BH velocity v h at time t h .
BHs are pulled by the strings with a force ∼ µ. The typical BH velocity at time t is
or v ∼ 1, whichever is smaller. If Gµ λ, then v h ∼ Gµ/λ 1, the distance travelled by BHs in a Hubble time is t h , so BHs are nearly stationary. Then at t > t h the strings connecting BHs become nearly straight, and at later times they are simply stretched by the expansion. The BH separation in this regime is
The distance travelled by a non-relativistic BH in a Hubble time is ∼ (µ/M )t 2 . It becomes
The BH velocity at that time is
1. The BHs are still moving nonrelativistically, but they can no longer be regarded as stationary. The strings will now cross and reconnect, chopping off loops and finite BH-string nets of size ∼ d(t). For t > t d , the BHs move a distance larger than their current separation in the network. This should lead to string intersections, as a result of which some BHs will disconnect, and the new BH separation in the network will be comparable to the distance traveled by the BHs:
where we have used Eq. (12) for v(t). The network configuration in this regime is changing on the Hubble timescale ∼ t.
The BHs start moving relativistically at t ∼ t * , where
At this time the network reaches equipartition, ρ s ∼ ρ BH . At later times, the scale of the network is
However, the equipartition between strings and BHs would require the BHs move with increasingly large Lorentz factors. Accelerating to ultra-relativistic velocities would require a large degree of coherence in the direction of the tension force acting on a BH, and does not generally take place. Instead, at t > t d the BHs become energetically subdominant compared to strings. Note that the evolution of the infinite network at t > t d is independent of the initial BH density (which is characterized by the parameter λ).
If Gµ > λ, then v h ∼ 1, so BHs become relativistic right after t h .
The key assumption in the above scenario is that in the early stages of evolution the loops are chopped off at random, regardless of whether or not the loop contains a BH. In the next section we shall argue that chopping off a loop with a BH may be considerably more difficult, so our estimates can be regarded as lower bounds on the number of BHs in the network. 3 We assume that t h , t d < t eq .
Loops are chopped off the long strings by collision of wiggles traveling along the string in opposite directions. 4 Suppose now there is a BH attached to the string and let us assume for simplicity that there is only one other string attached to that BH. We shall assume also that the BH is so massive that it is not moved much (in a Hubble time) by the forces exerted by the strings. This is a reasonable assumption at early stages of the evolution.
A loop that includes the BH can only be formed if the two strings emanating from the hole cross one another. It can be shown that a wave traveling along a straight string towards a stationary BH is simply reflected by the BH (approximating the BH as a point where the string is pinned at a fixed position). So if the two strings come out of the BH at a substantial angle from one another, waves traveling along the strings are not likely to collide. However, a collision becomes very likely if the angle between the two strings is sufficiently small.
Simulations indicate that strings in the network consist of nearly straight segments separated by kinks [26] . The kinks travel along the strings at the speed of light. Most kinks are rather mild, so the string direction varies very little from one segment to another. But there are also some large kinks, which are separated by distances ∼ t along the strings. Now consider a string attached to a BH. As kinks travel along the string towards the BH, the direction of the string does not change much -until a large kink arrives. Such sudden, large change of direction will occur about once in a Hubble time. Suppose the angle at which reconnection of two strings becomes likely is ∼ π/6. This corresponds to a solid angle ∼ 0.1.
Then we expect the strings to be in a "dangerous" configuration about every 10 Hubble times. Now, the number of Hubble times between some initial time t 1 and some later time t t 1 is N ∼ ln(t/t 1 ). Hence, a BH attached to two strings at t 1 can be expected to disconnect at t ∼ e N t 1 ∼ 10 4 t 1 . If f (t) is the fraction of BHs remaining in the network at time t, then we must have f (e N t) ∼ e −1 f (t). This has the solution f (t) ∝ t −1/N , which decreases much slower than f (t) ∝ t −1/2 assumed in the minimal scenario. This is of course only a rough estimate, but it does suggest that BH survival in the network may be more likely than the naive analysis in the preceding section indicates. A 4 Large loops of size ∼ t are occasionally formed by self-intersection of long Brownian strings. Such loops either reconnect to the network or fragment into smaller loops. Simulations indicate that this mechanism of loop formation is subdominant.
reliable determination of the fraction of surviving BHs would require a numerical simulation of the string-BH network.
We note also that strings of a special kind, called necklaces, are more likely to remain attached to BHs than "ordinary" strings. Consider a sequence of symmetry breaking phase
where G is a semisimple group and H is its subgroup.
Then monopoles carrying the magnetic flux of U (1) are formed in the first phase transition, and their flux is squeezed into strings at the second phase transition, so that each monopole gets attached to two strings. (The magnetic charge of the monopole is twice the flux carried by the string.) The monopoles will then be like beads on the strings. These defects are quite generic [27] . The evolution of necklaces has been studied in Refs. [28, 29] , with the conclusion that relativistic string motion causes the monopoles to move along the strings at speeds close to the speed of light. As a result, monopole-antimonopole annihilation on the string is rather efficient, and the separation between them on a long string is comparable to the horizon. Monopoles therefore have little effect on the string dynamics and evolution.
When a BH is formed, it captures some monopoles and antimonopoles together with the strings. With N ∼ 10 strings within the Hubble volume, we can expect the total magnetic charge of the BH to be 2 √ 10 ∼ 6, so there should be at least ∼ 6 strings attached to it.
These strings have the same direction of the magnetic flux, so their reconnections do not change the number of the attached strings.
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C. Persistent networks: the maximal scenario
Considering the possibility that the minimal scenario may overestimate the ease at which BHs are detached from the network, we shall now discuss the opposite limiting case, assuming that a substantial fraction of BHs remain attached to the network. We shall refer to this as the maximal scenario.
In this scenario, the BH number density in the network is
5 "Dangerous" string crossings that can result in BH detachment are likely to occur close to the BH, e.g., within a distance ∼ 0.1t. We can expect that the strings will be cleared of monopoles in this range, so the string orientation will not reverse.
so the average BH separation is
At early times, when d(t) t, the average length of strings can be found from Eqs. (7), (11):
At t h ∼ λ −2/3 t f the BH separation becomes comparable to the horizon. The average string length at that time is also ∼ t h .
The typical BH velocity at time t h is
For most of the astrophysically interesting parameter values that we mentioned in Sec. II we have v h 1. Assuming this is the case, at t > t h the strings are stretched by the expansion and become nearly straight.
As long as BHs move non-relativistically, their displacement during a Hubble time t is
The average kinetic energy of BHs at t > t d is ∼ µd(t). It becomes ∼ M at t ∼ t * , when
At this point BHs start moving relativistically. The energy density of the BH-string network at t > t * is ρ net ∼ µd −2 (t) and
where ρ r ∼ (Gt 2 ) −1 is the radiation density. The network dominates the energy density of the universe at
There is a range of possible evolution scenarios between the minimal and maximal models.
For example, the network may evolve as in the maximal scenario until t ∼ t d , but at later times multiple string crossings in the vibrating BH-string network could result in copious production of closed loops and small nets. Then the subsequent evolution could be similar to that in the minimal scenario. Numerical simulations will be necessary to explore these possibilities.
IV. BLACK HOLES WITH LOOPS, AND NETS
The spectrum of stochastic gravitational radiation produced by oscillating loops of string is determined by the size distribution of loops. In the presence of PBHs this distribution is rather different from that in the standard cosmic string scenario, where ∼ 10 loops of length ∼ 0.1t are produced per Hubble time t in a Hubble volume t 3 . In a BH-string network, the loop production is initially the same as in the standard scenario, but then it ceases completely at t ∼ t h . In the minimal model the loop production resumes at t ∼ t d , with about one loop of size ∼ d(t) formed per Hubble time in a volume ∼ d 3 (t), where d(t) is from Eq. (15). Apart from closed string loops, the networks will yield other gravitational wave sources -oscillating string segments attached to BHs and small BH-string nets.
At t > t d the BH size is much smaller than d(t), so a string segment attached to a BH can be approximately described as a segment with both ends pinned at a fixed point in space.
A segment of invariant length l would then oscillate with a period T = 2l, assuming that it does not self-intersect. We, together with Elena Murchikova, have studied numerically a number of such pinned segment configurations and found, somewhat surprisingly, that most of them self-intersect 6 . We did find some examples of pinned loops that did not selfintersect, but it is far from clear whether these are generic. It is possible that a generic pinned loop, after several self-intersections and pinching off the "looplets", will evolve into a non-self-intersecting configuration. This would endow a PBH with an oscillating string "hair".
PBHs with attached string loops can be of astrophysical interest. For example, if the PBHs were captured into halos of galaxies they would drag the loops attached to them into the Milky Way and therefore make the gravitational waves produced by the loops more detectable. An exploration of the dynamics and gravitational-wave signatures of loops attached to BHs will be published elsewhere.
Another interesting object is a small net consisting of a few BHs connected by strings.
The simplest net is a binary system consisting of two BHs connected by two strings, see Fig. (1) . In an oscillating binary the strings will frequently intersect and the binary will break up if the strings have opposite flux directions. For "ordinary" strings, the fluxes in the two strings should be opposite, but for necklaces the fluxes can be the same if the BHs have opposite magnetic charges. In the latter case the binary is long-lived.
Another example of a simple net is a triangular configuration with three BHs connected by three "ordinary" strings; see Fig. (2) . If the strings are nearly straight, they will remain straight, assuming that the BH motion is non-relativistic and that the BHs accelerate each other on a timescale longer than the light-crossing time for the triangle's side. The strings will then never self-intersect. However, if waves on strings are amplified by multiple reflections off BHs [28] , the strings may reconnect and the triangle may be destroyed.
A triplet net can also be formed for necklace-type strings, with three BHs having magnetic charges 2, 2 and -4. In this triple the BH with charge 4 is connected to two black holes of charge −2 by two pairs of strings; see Fig. 3 . This configuration is topologically protected, in a sense that the internal dynamics of the triple will not change its configuration even if the tension waves are excited on the strings stretched between the black holes.
In the maximal scenario, the rate of loop formation remains strongly suppressed even at t > t d , but gravitational waves are still generated by the vibrating BH-string network. The gravitational wave spectrum differs substantially between different scenarios. Here we shall only consider some aspects of gravitational radiation by small string-BH nets. 
V. GRAVITATIONAL RADIATION FROM NETS
Let's consider a small net of black holes of mass M connected by strings with tension µ. A special case is a triplet of black holes, connected by straight strings. So long as the motion is non-relativistic, the strings segments remain straight, and since the sides of a triangle never intersect each other, the triangle can remain stable for many dynamical timescales. Let R be the characteristic size of the net. We shall work in the following approximations:
1. M µR. This means that BHs have more mass than strings and they move nonrelativistically. This condition is satisfied at t d for Gµ λ in the minimal scenario.
2. Gµ (GM/R) 2 . This means that the string tension is stronger than gravitational interaction between BHs. Numerically, for Gµ ∼ 10 −10 , this implies that the BHs are further away from each other than about 10 5 Schwarzschild radii. This condition is satisfied at t d and later times.
Let us estimate the power radiated in gravitational waves. The quadrupole moment of the
The characteristic strain of a gravitational wave at distance r from the cluster is
One can find the energy loss rate from the emission of gravitational waves:
Therefore, the energy of the net and its size decay approximately exponentially, on the
.
Obviously, the expression above is a rough estimate and the precise answer depends on the initial geometry of the system. Eventually the gravitational force between the BHs becomes greater than the string tension, either due to the overall shrinking of the net, or due to chaotic motion that would randomly bring two black holes to close separation. When BH gravitational interaction dominates, the the shrinking accelerates and one obtains a merger, or a series of mergers. Remarkably, the timescale in Eq. (30) seemingly implies that only BHs of certain mass scale are merging at the present epoch:
where t H is the Hubble time and Λ is the number of e-foldings by which the net needs to shrink before the BHs physically merge. In other words, a certain mass scale is naturally selected by the age of the Universe and the string tension, and for realistic parameters this 
For supermassive BHs with M ∼ 10 6 M , the velocity constraint requires Gµ < ∼ 10 −16 .
If this is satisfied, BHs would be captured by galaxies. If the strings are superconducting [33] , they could be observed as lines of radio emission attached to BHs [34] . We note the intriguing possibility that the radio filament observed near the central BH in our Galaxy may be due to a cosmic string [35] .
For PBH dark matter with M ∼ 10 −13 M and λ ∼ 10 −15 , the density and velocity constraints require Gµ < ∼ 10 −23 and Gµ < ∼ 10 −26 , respectively. Note that even if PBHs are captured in galaxies, they may avoid capture in much smaller halos, due to the pull of the strings. PBHs attached to strings effectively act as warm dark matter; they may also help to explain the absence of overly dense cores at galactic centers (predicted by the standard ΛCDM).
VII. CONCLUSIONS
In this work we introduced a new class of models in which cosmic strings and PBHs are both present. The interaction between the two is dramatic and results in the formation of an infinite string network with BHs at the nodes. In the course of the following evolution, strings cross and reconnect, and some fraction of BHs is detached from the network. We have discussed two limiting scenarios, providing upper and lower bounds on the density of BHs that remain in the infinite network. A more definitive analysis of network evolution will require numerical simulations.
One of the main observational signatures of cosmic strings is the gravitational wave (GW) background produced by oscillating string loops. In the presence of PBHs, the loop production by the network is significantly modified, resulting in a modified GW spectrum.
In addition, the network provides another source of GW -small oscillating nets of black holes and strings. The nets lose their energy by gravitational radiation and shrink exponentially on a timescale of τ GW ∼ t H (M/100M )(10 −10 /Gµ) −2 , where t H is the current age of the Universe. If such objects exist and are detected by LIGO, Pulsar Timing Arrays, or LISA, this would give most valuable insights for particle physics and astrophysics alike. To further investigate observational signatures of the model, the properties of nets with black holes need to be explored in greater detail.
